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Abstract 
Chen, G., Hamiltonian graphs involving neighborhood intersections, Discrete Mathematics 112 
(1993) 253-257. 
Let G be a graph of order n and a the independence number of G. We show that if G is a 2- 
connected graph and max {d(u), d(v)} > n/2 for each pair of non-adjacent vertices u, u with 
1 QIN(u)nN(o)l <a- 1, then G is hamiltonian. This result generalizes Fan’s (1984) result on 
hamiltonian graphs. 
Introduction. We use Bondy and Murty [l] for terminology and notation not defined 
here and consider only simple graphs. Let G be a graph of order n. If G has a Hamilton 
cycle, then G is called hamiltonian. The independence number of G is denoted by c(. If 
G is connected, the distance, denoted d(u, V) between two distinct vertices u and v is the 
minimum length of all u-u paths. The neighborhood of a vertex u is denoted by 
N(u) and d(v)=IN(u)l is the degree of the vertex u. If A, B are subgraphs of G, we 
define 
N(A)= U”E”(A) N(u) and N,(A)=N(A)n V(B). 
A cycle C is called a maximal cycle if the_re is no cycle C’ such that V(C) s V( C’). If 
C is a cycle of a graph G, we denote by C the cycle C with a given orientation. If U, 
UE V(C), then u C u denotes the consecutive vertices on C from u to u. The same 
vertices, in reverse order, are given by u C u. We use u+ to denote the successor of u on 
z and u- to denote its predecessor. 
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The classical degree conditions for a graph to be hamiltonian are due to Dirac and 
Ore. 
Theorem 1 (Dirac[2]). 1f G is a graph of order n and 6(G)an/2 > 1, then G is 
hamiltonian. 
Theorem 2 (Ore [4]). If G is a graph of order n 3 3 and d(u) + d(v) b n for every pair u, 
v of non-adjacent vertices, then G is hamiltonian. 
Fan generalized Theorems 1 and 2 as follows. 
Theorem 3 (Fan [3]). IfG is a 2-connected graph of order n and max{d(u), d(u)} an/2 
for every pair with vertices u, v of d(u, u)=2 in G, then G is hamiltonian. 
If u, v are a pair of nonadjacent vertices, then d(u, v) = 2 if and only if N(u) n N(u) #8. 
We shall generalize Fan’s above result as follows. 
Theorem 4. Let G be a a-connected graph of order n. If max {d(u), d(v)} 2 n/2 for every 
pair of non-adjacent vertices u, v with 1 <IN(u)nN(v)l<a- 1, then G is hamiltonian. 
There are many examples showing Theorem 4 is stronger than Theorem 3. One of 
these is constructed as follows. Let n and k be two positive integers with n 2 5(k + 1) 
and k>2, and let G,, k be a graph obtained from three vertex disjoint graphs, 
a complete graph kn_2(k+lJ, k independent edges kKz and two independent vertices 
K,, so that every vertex in kKz is joined to a single, but different, vertex in K,_ 2 tk+ i), 
and the two vertices in K, are joined to k + 3 vertices of vertices of Kn_2(k+ 1) which 
are not joined to any vertex of kKz. The graph G,,k is shown in Fig. 1. 
It is readily seen that G,, k satisfies the condition of Theorem 4 but not the condition 
of Theorem 3. 
The proof of Theorem 4 is based on the following lemma. 
Lemma. Let G be a 2-connected nonhamiltonian graph of order n, and let C be 
a maximal cycle in G. If max{d(u), d(v)} > n/2 for every pair of non-adjacent vertices U, 
v with 1 <IN(u)nN(u)I<cc-1, then G-V(C) is connected and there is a vertex 
UE V(G - V(C)) such that d(v) > n/2. 
Proof. Let H be a connected component of G - V(C) and vi, . . . , uk the elements of 
N,(H) occurring on 6 in consecutive order. Since G is 2-connected, ka2. For 
2k 
11 p‘y 
k+3 n-5&+1) 
Fig. 1. 
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i=l , . . . , k, let Ui = VT. Since C is a maximal cycle, Ui # Ui+ 1, i = 1, . . , k (indices taken 
modulo k). Let P[ri, vj] be a vi-vj path such that 1 V(P[q, uj])( 23 and all internal 
vertices are in H for each pair i and j with i #j. Let vO an arbitrary vertex in H. The 
proof is broken into a number of statements as follows. 
(1) There exists no Ui-Uj path which is internally vertex disjoint from C for any i#j. In 
particular, Ui Uj4 E. 
Proof. Assuming the contrary to (l), let P be an UipUj path, internally vertex disjoint 
from C. Since Ui$Nc(H) and Uj4Nc(H), we have V(P)n V(H)=@ Now the cycle. 
P[Vi, Vj] Vj ~ UiPUj ~ Vi. 
shows that C is not a maximal cycle. This contradiction proves (1). 0 
(2) d(vo)+d(ui),<n-1 for ldi<k. 
Proof. Since d(u,) < k + / V(H)1 - 1 and, by (l), {ur , .. . , uk} is an independent set of G, 
then we have (2). 0 
(3) If UEUi~Uj and Ujv~E, then uiv’~E. 
Proof. Let US assume that there is a UEUi Cuj such that uju+EE and Uiu~E. Clearly, 
o # Uj. By (l), u # Ui. The cycle 
P[Vi, Uj]vjkv+UiEvUj EUi 
shows that C is not a maximal cycle. This contradiction proves (3). 0 
(4) d(ui)+d(uj) =IR,(ui)l+ ISl(Uj)l+ lRZ(Ui)l+ I&(Uj)I + IR3(Ui)I + IS3CUj)I 
d IR~~~i)~S~(Uj)~Rz(~i)uS~(Uj)l+(n-l~V(C)I-I~V(H)I) 
<n-l, 
where 
R,(Ui) = (vEUiFJUfI Uiu+EE}, 
S,(Uj) = (v,Ui~Ui I UivEE}, 
R,(Ui) = (VEUi~Uj) UivEE}, 
Sz(Uj) = {vsUjL’Ui-I Ujv+EE}, 
Rj(Ui) = {ve V- V(C)1 UiveE}, and 
S,(Uj) = {v~ V- V(C)1 UjVEE}. 
Proof. By (1) and (3) R,(Ui)nS,(uj)= 4 for m= 1,2, and 3. We conclude that (4) 
holds. Cl 
(5) There is a vertex voe V(H) such that d(vo)>n/2. 
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Proof. Suppose, to the contrary, d(u,) <n/2 for each uOc V(H). Since C is a maximal 
cycle by (l), (ui, . . . , uk} u {vo} is an independent set of G for any Z)~E Y(H). Therefore 
k f SI - 1. Since G is 2-connected, k > 2. Suppose xv1 and YORE E with x, YE V(H). It is 
easy to see that ldlN(u,)nN(x)[da--1 and ld(N(u,)nN(y)ldcc-1. By the 
assumption, 
d(u,)=max{d(ui), d(x)}>n/2 and dW=max(dW, d(y)}>@ 
so that d(u,)+d(u,)b IZ which contradicts (4). 0 
(6) V(G) = V(C) LJ V(H) 
Proof. Suppose Y(G) # V(C) u Y(H). Let H’ be another connected component of 
G - V(C). By (5), there are vertices XE V(H) and X’E V(H’) such that d(x), d(x’) 3 n/2. 
On the other hand, INc(x)l<(V(C)(/2 and lNc(x’)(<(V(C)(/2. Thus 
n<<d(x)+d(x’)<(( V(C)(/2+( V(H)/-l)+(l v(c)l/a+l rqH’)l- l)<n-2, 
a contradiction. q 
Proof of Theorem 4. To the contrary, suppose G is a nonhamiltonian graph which 
satisfies the conditions of Theorem 4 and C is a maximal cycle of G such that 
k = INc(G - V( C))l is as large as possible. By the above lemma, H = G - V(C) is 
connected. Hence k = ) N,( H)J d ) V(C) l/2. Let ui, . . , uk be the elements of N,(H) 
occurring on C in consecutive order, and let P[vi, Uj] be a Ui-Uj path of length at least 
2 and internally vertex disjoint from C. Let Ci be a maximal cycle which contains the 
cycle Ui CUi+i P[Vi+l, Vi], and Hi= G - l’( Ci) (1 did k). Since, by the lemma, Hi is 
connected, then V( Hi) s Vi’ C v,T+ 1. Let Co = C and Ho = H. Since 
there is an i(i = 0, 1, . . . , k) such that I V( Hi) I Q (n - k)/(k + 1). On the other hand (again 
by the lemma), there is a vertex XiE V(Hi) such that d(x,)>n/2. By the choice of C, 
INc,(Hi)l<k. Hence 
n-k id d(xi) ,< )Nc,(Hi)l+lV(Hi)l-1 d k+k+l-1 
By solving this inequality, we have n < 2k which contradicts that n > I V( C)l 2 2k. q 
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